Abstract. In this paper, we study a class of infinite simple Lie conformal algebras associated to a class of generalized Block type Lie algebras. The central extensions, conformal derivations and free intermediate series modules of this class of Lie conformal algebras are determined. Moreover, we also show that these Lie conformal algebras do not have any non-trivial finite conformal modules. Consequently, these Lie conformal algebras cannot be embedded into gcN for any positive integer N .
Introduction
The notion of Lie conformal algebra, introduced by V.Kac, gives an axiomatic description of the operator product expansion (or rather its Fourier transform) of chiral fields in conformal field theory. It plays important roles in quantum field theory and vertex operator algebras (see [18] ). Moreover, it has many applications in the theory of infinite-dimensional Lie algebras satisfying the locality property in [20] and Hamiltonian formalism in the theory of nonlinear evolution equations (see [1] ).
A Lie conformal algebra is said to be finite if it is finitely generated as a C[∂]-module. Otherwise, it is called infinite. The structure theory (see [10] ), cohomology theory (see [2] ) and representation theory (see [8] ) of finite Lie conformal algebras have been well-developed. Finite simple Lie conformal algebras are classified in [8] , which shows that a finite simple Lie conformal algebra is either isomorphic to the Virasoro Lie conformal algebra or the current Lie conformal algebra Cur(g) associated to a finite-dimensional simple Lie algebra g. All irreducible finite conformal modules of finite simple Lie conformal algebras are classified in [8] , the extensions of these conformal modules are studied in [9] and cohomology groups of finite simple Lie conformal algebras with some conformal modules are characterized in [2] . However, to the best of our knowledge, there is a little progression on the study of structure theory, representation theory and cohomology theory of infinite simple Lie conformal algebras. In previous works, the main studying object in infinite simple Lie conformal algebras is the general Lie conformal algebra gc N (see [6, 7, 11, 22, 21] ), which plays the same important role in the theory of Lie conformal algebras as the general Lie algebra gl N does in that of Lie algebras. Besides gc N , these are few examples of infinite simple Lie conformal algebras.
Recently, in [17] , the authors provide a method to construct infinite simple Lie conformal algebras using the relation between quadratic Lie conformal algebras and Gel'fand-Dorfman bialgebras (see [23] or [15] ). Moreover, they present three classes of infinite simple Lie conformal algebras in [17] which are obtained from the corresponding Gel'fand-Dorfman bialgebras. Therefore, for enriching the theory of infinite simple Lie conformal algebras, it is natural to investigate the structure theory and representation theory of these infinite simple Lie conformal algebras. The first class is CL 1 (c) which can be seen as some generalization of the graded Lie conformal algebra of gc 1 whose finite representation is studied in [21] . The second class can be seen as subalgebras of the third class, and their structure theory and representation theory may be similar. In this paper, we plan to investigate some structure theory and representation theory of the second class of infinite simple Lie conformal algebras CL(b, ϕ). For the definition of CL(b, ϕ), one can refer to Section 2. Note that when ∆ = Z, the central extensions, conformal derivations and free conformal modules of rank one of CL(b, 0) are studied in [13] . In this paper, we plan to characterize central extensions, conformal derivations, finite conformal modules and free intermediate series modules of CL(b, ϕ). Moreover, it should be pointed out that the coefficient algebra Coeff(CL(b, ϕ)) of CL(b, ϕ) can be regarded as some generalization of Block type Lie algebras (see [4, 12] ).
This paper is organized as follows. In Section 2, the definitions of Lie conformal algebra, quadratic Lie conformal algebra and CL(b, ϕ) are recalled. In Section 3, the central extensions of CL(b, ϕ) by a one-dimensional center Cc are characterized. Using this result, we obtain some central extensions of the infinite-dimensional Lie algebra Coeff(CL(b, ϕ)). In Section 4, we show that all conformal derivations of CL(b, ϕ) are inner. In Section 5, it is proved that CL(b, ϕ) does not have any non-trivial finite conformal modules, and this provides an example of an infinite simple Lie conformal algebra that cannot be embedded into gc N for any N . In Section 6, we give a classification of free intermediate series modules of CL(b, ϕ).
Throughout this paper, we denote by C the field of complex numbers, by N the set of natural numbers (i.e. N = {0, 1, 2, · · · }) and by Z the set of integer numbers. Let ∆ be an infinite additive subgroup of C and C + be the additive group of C. All tensors over C are denoted by ⊗. Moreover, if A is a vector space, then the space of polynomials of λ with coefficients in A is denoted by A[λ].
Preliminaries
In this section, we recall some definitions and results about Lie conformal algebras. The interested reader may consult [18] for related facts.
, where a (n) b is called the n-th product of a and b. If a Lie conformal algebra R is a finitely generated C[∂]-module, then it is called finite; otherwise, it is said to be infinite.
Moreover, there is an important Lie algebra associated with a Lie conformal algebra. Assume that R is a Lie conformal algebra. Let Coeff(R) be the quotient of the vector space with basis a n (a ∈ R, n ∈ Z) by the subspace spanned over C by elements:
The operation on Coeff(R) is given as follows:
Then Coeff(R) is a Lie algebra and it is called the coefficient algebra of R (see [18] ).
for a, b ∈ R, v ∈ M . If a module of R is a finitely generated C[∂]-module, then it is called finite; otherwise, it is said to be infinite.
Given a module M over a Lie conformal algebra R, we can naturally obtain a module of
. Let E(M ) be the quotient of the vector space with basis v n (v ∈ M, n ∈ Z) by the subspace spanned over C by elements:
The operation of Coeff(R) on E(M ) is given as follows:
which endows E(M ) as a module over Coeff(R). 
where u, v, w ∈ V , then R is called a quadratic Lie conformal algebra. Definition 2.5. (see [15] or [23] ) A Gel'fand-Dorfman bialgebra V is a Lie algebra (V, [·, ·]) with a binary operation • such that (V, •) forms a Novikov algebra where the operation • satisfies the following conditions
and the following compatibility condition holds:
for a, b, and c ∈ V . We usually denote it by (V,
An equivalent characterization of quadratic Lie conformal algebras is given as follows.
Theorem 2.6. (see [15] or [23] ) R = C[∂]V is a quadratic Lie conformal algebra if and only if the λ-bracket of R is given as follows
is a Gel'fand-Dorfman bialgebra. Therefore, R is called the quadratic Lie conformal algebra corresponding to the Gel'fand-Dorfman bialgebra
Finally, we introduce the studying object in this paper.
x α is a Lie conformal algebra with the λ-bracket:
where α, β ∈ ∆, 2b / ∈ ∆ and ϕ : ∆ → C + is a group homomorphism.
Note that in what follows, when we write ϕ(3b), it means that 3b ∈ ∆. By the discussion in [17] , CL(b, ϕ) is a class of infinite simple Lie conformal algebras.
Remark 2.8. Obviously, CL(b, ϕ) is a quadratic Lie conformal algebra corresponding to the Gel'fand-Dorfman bialgebra (V = ⊕ α∈∆ Cx α , •, [·, ·]) with the Novikov algebra operation and Lie bracket as follows
Coeff(CL(b, ϕ)) has a basis {x α,i |α ∈ ∆, i ∈ Z} and the Lie bracket is given by
Remark 2.9. When ∆ = Z, there is a Lie conformal algebra CL = ⊕ α∈Z Cx α with the following λ-bracket
for any α, β ∈ Z. Note that this Lie conformal algebra is not simple and the free intermediate series modules of CL are studied in [14] .
Central extensions
In this section, we will study central extensions of CL(b, ϕ). An extension of a Lie conformal algebra R by an abelian Lie conformal algebra C is a short exact sequence of Lie conformal algebras
In this case, R is called an extension of R by C. This extension is central if ∂C = 0 and [C λ R] = 0.
In the following, we focus on the central extension R of R by a one-dimensional center Cc. This implies that R = R ⊕ Cc, and
is a C-bilinear map. By the axioms of Lie conformal algebra, α λ should satisfy the following properties (for all a, b, c ∈ R) : 
for any α, β ∈ ∆, where α i (·, ·) : V × V → C are bilinear forms for any i ∈ {0, 1, 2, 3} and they satisfy (14)- (21).
where α i (·, ·) are bilinear forms on V and n α,β is a non-negative integer depending on α and β. Setting a = x α , b = x β and c = x γ in (12) and by (10) and (11), we get
For fixed α, β, γ, there are only finite elements of V appearing in α λ (·, ·) in (23) . Therefore, we may assume the degrees of all α λ (·, ·) in (23) are smaller than some non-negative integer. So, we
Of course, here, n depends on α, β and γ.
If n > 3, by comparing the coefficients of λ 2 µ n−1 and λ n−1 µ 2 in (23), we get
According to the discussion above, for any α, β, γ ∈ ∆, we arrive at α m (x α • x β , x γ ) = 0 for all m > 3, implying that α m (x α+β , x γ ) = 0 for all m > 3. As a result, α m (x, c) = 0 for all m > 3 and any x and c ∈ V . Consequently, α λ (a, b) = 3 i=0 λ i α i (a, b), and the proof of this corollary can be completed by Proposition 3.1. When ϕ(3b) = 0, all equivalent classes of central extension of CL(b, ϕ) by a one-dimensional center Cc are CL(b, ϕ)(g) with the following non-trivial λ-brackets
for some group homomorphism g : ∆ → C + satisfying g(3b) = 0. Moreover, CL(b, ϕ)(g) is equivalent to CL(b, ϕ)(g ′ ) if and only if there exists some k ∈ C such that g = g ′ + kϕ.
Proof. By Corollary 3.2, we only need to determine α i (·, ·) : V × V → C satisfying (14)- (21) . Letting a = x α , c = x β and b = x γ in (15), we can directly obtain (γ − α)α 3 (x α+γ , x β ) = 0. According to that ∆ is an infinite additive subgroup of C, for any α ′ ∈ ∆, we can choose different α, γ ∈ ∆ such that α + γ = α ′ . Therefore, we have α 3 (x α ′ , x β ) = 0 for any α ′ and β ∈ ∆. Similarly, by (16) and (17), one can get
Since
By (18), we have (γ + b)(α 1 (x α , x β+γ ) − α 1 (x α+γ , x β )) = 0. Therefore,
Letting α = 0 in (27), one can obtain α 1 (x γ , x β ) = α 1 (x 0 , x β+γ ). Therefore, we can assume that
where f is a map from ∆ to C. Taking it into (19) , (19) naturally holds.
α+2b , which allows us to assume that α 1 (·, ·) be zero. According to (20) and (21), we get
Letting γ = 0 in (28),we have (
, where g : ∆ → C + is a group homomorphism and g(3b) = 0; if 3b / ∈ ∆, we get α 0 (x α , x β ) = 0. Then (29) holds. By (3) in Proposition 3.1, g(α) is equivalent to g ′ (α) if and only if there exists some k ∈ C such that g = g ′ + kϕ. Therefore, this theorem follows by the above discussion. , ϕ) ) by a one-dimensional center Cc −1 with the following non-trivial Lie brackets
if α + β = −3b and
Proof. This corollary can be directly obtained by Theorem 3.3 and the relation between Lie conformal algebras and their coefficient algebras.
Conformal derivations
In this section, we study the conformal derivations of CL(b, ϕ). 
Definition 4.2. Let R be a Lie conformal algebra. A conformal linear map
The space of all conformal derivations of R is denoted by CDer(R). For any a ∈ R, there is a natural conformal linear map ad(a) λ :
All conformal derivations of this kind are called inner. The space of all inner conformal derivations is denoted by CInn(R).
Set 
Setting µ = 0 in (34), we can obtain
Note that bλ
Proof. By Lemma 4.3, we can get
. If there are infinite many α such that g α (∂) = 0, then D λ (x 0 ) = α∈∆ g α (−λ)((α + b)∂ + (α + 2b)λ + ϕ(α))x α is an infinite sum. It contradicts with the definition of conformal derivation. Therefore,
Therefore, this theorem holds. According to that C[∂]
Finite conformal modules
x 0 b is the Virasoro Lie conformal algebra, V can be seen as a module over V ir. By Theorem 3.2(1) in [8] , we can give a composition series as follows
where the composition factor Lemma 5.1. For any nonzero number α ∈ ∆ and all i ≫ 0, the λ-actions of x iα on w j are trivial for any j ∈ {1, · · · , r}.
Proof. First, we discuss it when x iαλ w j ∈ V 0 [λ]. Let x 0µ act on it. We can get x 0µ (x iαλ w j ) = 0. Therefore, [x 0µ x iα ] λ+µ w j = 0, i.e. (b(µ−λ)+iαµ−iϕ(α))x iα λ w j = 0. It follows that x iαλ w j = 0 for any j. Next, by the above discussion, we can suppose that x iαλ w j = 0 for some fixed i ≫ 0 and m ij ≥ 1 be the largest integer such that
. We discuss it in the following two cases.
Case 1: V m ij = M γm ij ,αm ij . Then we have
Let x 0µ act on it. We obtain
Setting µ = 0 in (38), we can get p ij (λ, ∂) = 0.
Case 2: V m i = C αm i . We can assume that
Let x 0µ act on it. We get
Therefore, p ij (λ) = 0. This lemma follows by the above discussion.
Lemma 5.2. For any nonzero number α ∈ ∆ and all i ≫ 0, the λ-actions of x iα on v 1 are trivial.
Proof. Suppose that x iαλ v 1 = 0 for some fixed i ≫ 0 and m i ≥ 1 be the largest integer such that
. Then we discuss it in the following cases. Case 1:
Let x 0µ act on (41). We directly obtain
Setting ∂ = 0 in the above equality and letting p i (λ) = p i (λ, 0), one can get
Note that when i ≫ 0, we have (
Assume that the degree of p i (λ) is n i . By comparing the coefficients of µ n i +1 in (45), it follows that
Since i is sufficiently large and nonzero numbers γ 1 and γ m i have only finitely many choices,(46) cannot hold if n i > 1. Therefore, n i ≤ 1. By (46), we can set p i (λ, ∂) = a i,0 + a i,1 λ + a i,2 ∂. Taking it into (42) and by comparing the coefficients of µ∂, we can get ba i,2 (γ m i − γ 1 − iα) = 0.
Since i is sufficiently large and γ m i has only finitely many choices, a i,2 = 0. Similarly, we can get a i,0 = a i,1 = 0. Therefore, p i (λ, ∂) = 0. Case 2:
With the same assumption we did in (41), and applying x 0µ into (41), we immediately get
Setting µ = ∂ = 0 in (47), we have p i (λ, 0) = 0. Therefore, letting ∂ = 0 in (47), we get p i (λ, ∂) = 0. Case 3: V 1 = M γ 1 ,α 1 and V m i = C αm i . Then we may assume that
Letting x 0µ act on (48), we obtain
One can directly get p i (λ) = 0 by comparing the coefficients of ∂. Case 4:
With a similar discussion as above, we can get p i (λ) = 0. Therefore, by the discussion above, we finish the proof of this lemma. Proof. By Lemmas 5.1 and 5.2, we can also get x iαλ v j = 0 by induction on j ≤ m for i ≫ 0 and any nonzero α ∈ ∆. Therefore, the λ-action of x iα is trivial. Since CL(b, ϕ) is a simple Lie conformal algebra, we can directly obtain that the λ-action of CL(b, ϕ) is trivial. Then this theorem can be obtained.
Free intermediate series modules
In this section, we study the free intermediate series modules of CL(b, ϕ).
. Now we shall determine the structure constant f α,β (λ, ∂) such that V is a free intermediate series module of CL(b, ϕ) .
, all structure constants should satisfy
Proof. Claim 1: If f 0,β+γ (λ, ∂) = 0, then f β,γ (λ, ∂) = 0. Letting α = 0 in (50), we can get
If f 0,β+γ (λ, ∂) = 0, by (51), we get
Letting λ = 0 in (52), we can easily get f β,γ (λ, ∂) = 0. Claim 2: If f β,γ (λ, ∂) = 0, then f α,γ (λ, ∂) = 0 for any α ∈ ∆. If f β,γ (λ, ∂) = 0, then by (50), one can obtain
Since b / ∈ ∆, β + b = 0 and α + b = 0. Therefore,
then it is easy to get f α,γ (λ, ∂) = 0 for any α ∈ ∆. This proposition can be directly obtained from the above claims.
In what follows, we will assume that V is a non-trivial module of CL(b, ϕ). According to Proposition 6.1, all f α,γ (λ, ∂) are non-zero.
0 is the Virasoro Lie conformal algebra by letting
for some q γ , m γ ∈ C according to the representation theory of Virasoro Lie conformal algebra, as desired.
Proof. By Lemma 6.2 and (51), one gets
Setting λ = 0 in (54), we obtain bf β,γ (µ, ∂)(
Setting γ = 0 in (55) and m 0 = c, we get m β = c − ϕ(β) b . Then (55) naturally holds due to the fact that ϕ is a group homomorphism.
b in (54). By Lemma 6.3, one can get
b by µ in (56), we can obtain
If m ≥ 1, by comparing the coefficients of ∂ m in (57), one can get
Since a m (µ) = 0, we can directly obtain that q β+γ − q γ = −m + β+b b . It is obvious that when m = 0, this lemma also holds.
Lemma 6.5. For any β, γ ∈ ∆, the degree of f β,γ (λ, ∂) is smaller than 3.
Proof. Letting µ = 0 in (54), setting f β,γ (0, ∂) = d(∂) and by β + b / ∈ ∆, we get
Taking (58) into (54) and by some computations, we get In addition, by considering the terms of (m + 3)th degree in (59), one can get
If m ≥ 3, by comparing the coefficients of λ 2 ∂µ m in (60), we can get
Setting ∂ = −q β+γ λ in (60), one can get
If m ≥ 3, by comparing the coefficients of λ 2 µ m+1 and λ 3 µ m in (62), we can get 
Letting µ = β+b b λ in (60), one can get
Comparing the coefficients of λ 4 ∂ m−2 in (68), we obtain
It can be directly obtained from (69) that
. Taking it into (67), we can immediately obtain that (m − 3)(m + 1) = 0, which is a contradiction. Therefore, we only need to consider m = 3 in this case. Note that in this case, m = 3, q β+γ = 0 and q γ = 2 − β b . Taking it into (60), dividing (λ + µ)µ in both two sides and comparing the coefficients of λ 2 µ∂, we get 2(β + b) − b = 3b. Therefore, β = b, also a contradiction. Therefore, we get this lemma.
Lemma 6.6. For any β, γ ∈ ∆, f β,γ (λ, ∂) must be one of the following forms:
(2)
where q β+γ − q γ = β b and c β,γ ∈ C \ {0};
where β = 0, q β+γ = 0, q γ = 1 − β b , and c β,γ ∈ C \ {0};
where β = 0, q β+γ = β b , q γ = 1, and c β,γ ∈ C \ {0}.
Proof. By Lemma 6.5, we only need to discuss the case when the degree of d(λ) is smaller than 3 in (58). Therefore, we can set f β,γ (λ, ∂) = a 1 λ 2 + a 2 λ∂ + a 3 ∂ 2 + a 4 λ + a 5 ∂ + a 6 , where a i ∈ C for i = 1, · · · , 6. Taking it into (54) and by comparing the coefficients of λ 3 , λ 2 µ, λ 2 ∂, λ 2 , λµ, λ∂ and λ, we can obtain the following equalities:
Note that the coefficients of other terms in (54) are naturally equal. Suppose a 3 = 0. By Lemma 6.4,
By (81) Thus, f β,α+γ (λ, ∂) is not one of the forms in Lemma 6.6. We also get a contradiction.
This lemma follows by the above discussion.
Lemma 6.8. Suppose there exist some β 0 = 0 and γ 0 ∈ ∆ such that f β 0 ,γ 0 (λ, ∂) is of the form (72), then for any β = 0, γ ∈ ∆ satisfying β + γ = β 0 + γ 0 , f β,γ (λ, ∂) is of the form (72).
Proof. Set α+β = β 0 and γ = γ 0 in (50) with β = 0. Therefore we can obtain q α+β+γ −q γ = −1+ α+β b and q α+β+γ = 0. By Lemma 6.7, f α,γ (λ, ∂) is of the form (71). Therefore, q α+γ − q γ = α b . Thus, q α+β+γ − q α+γ = −1 + β b and q α+β+γ = 0. According to Lemma 6.6, f β,α+γ (λ, ∂) is of the form (72). Since β can be any non-zero element in ∆, we get this lemma.
Lemma 6.9. Suppose there exist some β 0 = 0 and γ 0 ∈ ∆ such that f β 0 ,γ 0 (λ, ∂) is of the form (72), then for any β, γ ∈ ∆ satisfying γ = β 0 + γ 0 and β + γ = β 0 + γ 0 , f β,γ (λ, ∂) is of the form (71).
Proof. It can be directly obtained by Lemma 6.7 and Lemma 6.8. where c ∈ C, and c β,γ = β + b satisfies (83). We also denote the corresponding module by V A 2 ,c .
Proof. The proof is similar to that in Proposition 6.12.
Notation 6.16. Let A 3 = {q α |α ∈ ∆} be a sequence satisfying q β+γ − q γ = β b for any β, γ ∈ ∆. Setting q 0 = e for some e ∈ C, then q β = e + β b . Proposition 6.17. Suppose that there does not exist some β 0 , γ 0 ∈ ∆ such that f β 0 ,γ 0 (λ, ∂) is of the form (72) or (73). Then the module action of CL(b, ϕ) on V corresponds to A 3 and is given as follows:
where c ∈ C, e ∈ C and c β,γ satisfies (83). We denote the corresponding module by V c,e with c β,γ = β + b.
Proof. By Lemma 6.12 and the assumption, for any fixed β, γ ∈ ∆, f β,γ (λ, ∂) is either of the form (70) or of the form (71). Obviously, if all f β,γ (λ, ∂) are of the form (70), (50) cannot hold. Therefore, there exist some β 0 = 0 and γ 0 ∈ ∆ such that f β 0 ,γ 0 (λ, ∂) is of the form (71). Set α + β = β 0 and γ = γ 0 in (50). Note that q α+β+γ − q γ = α+β b . In (50), if f β,γ (λ, ∂) is of the form as in (70), then q β+γ − q γ = 1 + β b . Therefore, q α+β+γ − q γ = α b − 1. By our assumption, we get a contradiction. Therefore, f β,γ (λ, ∂) and f α,β+γ (λ, ∂) must be of the form as in (71)). With a similar discussion, f α,γ (λ, ∂) and f β,α+γ (λ, ∂) are also of the form as in (71). Note that here α can be any element in ∆. Therefore, in this case, all f β,γ (λ, ∂) are of the form (71). Taking them into (50), we can directly obtain that (50) holds if and only if (83) is satisfied. . Let e α = c α,0 for any α ∈ ∆. Then we get that Remark 6.20. According to the relation between the conformal modules of Lie conformal algebra and the modules of its coefficient algebra, by Theorem 6.19, we can naturally obtain some representations of infinite-dimensional Lie algebra Coeff (CL(b, ϕ) ).
